We derive the equations for the gravity assist manoeuvre in the general 2D case without the constraints of circular planetary orbits or widely different masses as assumed by Broucke 1 , and obtain the slingshot conditions and maximum energy gain for arbitrary mass ratios of two colliding rigid bodies. Using the geometric view developed in an earlier paper by the authors 2 the possible trajectories are computed for both attractive or repulsive interactions yielding a further insight on the slingshot mechanics and its parametrization 3 . The general slingshot manoeuvre for arbitrary masses is explained as a particular case of the possible outcomes of attractive or repulsive binary collisions, and the correlation between asymptotic information and orbital parameters is obtained in general.
I. INTRODUCTION
The slingshot or gravity assist manoeuvre 1¹7 is often considered as part of a restricted three-body problem and its use has been associated in the literature mostly with spaceflight strategies 8¹10 with some applications in astrophysics for the study of mass ejection from binary clusters 11 and the proposal of new General Relativity tests 12 . In reality, the design of spacecraft trajectories between two planets is a many-body problem except for the slingshot part, which is in most designs well approximated by an elastic binary collision. This work focuses on the slingshot manoeuvre as a particular case of a general binary elastic collision between massive objects subjected to central interaction forces. In a previous work 2 the geometric determination of binary collisions was introduced, and the possible outcomes were in some cases surprising 3 . We have obtained a parametrization of all possible outcomes of a binary elastic collision in an arbitrary frame, and from the mass ratios and initial velocities as asymptotic initial conditions we obtain a picture not only of the final asymptotic velocities in terms of a single parameter Õ in the 2D case, but also the detailed description of the two-body motion that fits these asymptotic data in the case of the gravitational or coulombian interaction. We are therefore in condition to determine which precise orbital parameters must be chosen to obtain a desired effect on a flyby of a satellite about a planet or star, be it a gravity assisted boost or capture. The conditions for a gravityassisted manoeuvre of a satellite are often loosely associated to a flyby in front or behind the planet. 1 Both in the case of attractive as well as repulsive collision forces, a harder look must be performed to really grasp what the critical ingredient is. In particular we show how the geometry and the timing of arrival at the point of closest approach (periapsis), to wit the relative position of the bodies with respect to the normal to the Center of Mass velocity V cm at that point, determines the outcome of the collision and refine the phenomenological rule-ofthumb that a flyby in front of the planet results in a slowing of the satellite whilst a flyby behind the planet's trajectory would result in a boost. 13 In fact, the asymptotic description of a collision is somewhat elusive in this respect. By scaling out the interaction in all space and time dimensions there is naturally a loss of information of precisely where and when are the two bodies for given initial velocities, so a determination must be made as to what corresponds in a real problem to these times and positions. It could be claimed that these initial velocities should be those of the bodies when their distance is equal to the sum of the radii of their respective spheres of influence 14 . But since this too is a fuzzy concept this is not much of an improvement. In fact, that information is only present when enough conditions are specified to determine the collision outcome uniquely. 15 Thus, in the 2-dimensional case, the circumference of possibilities for the velocity outcomes of one of the bodies encodes the missing information about where the bodies initially are simultaneously when they have the given velocities. This can also be translated into an impact parameter in the non-inertial body-frame for one of the masses (or reduced-mass frame) but that begs the question of viewing the collision in the laboratory frame. In this paper the assumption will therefore be made that at t 0 the Center of Mass (CM) will be at the origin of the laboratory frame (LF).
Diagrams like the one in Fig. 1 , introduced in a previous work 2 , are used to correlate the asymptotic information, provided by initial velocities far away from the periapsis, with the possible eccentricities, focal distances and other orbital parameters for open Keplerian orbits in case of gravitational attractive or Coulombian repulsive scattering. These diagrams depict the relation between incoming laboratory frame asymptotic velocities v o and u o , of masses m v and m u respectively, and their final asymptotic velocities v 1 and u 1 , through a computation involving the scattering angle Õ of the m u mass, measured in its initial asymptotic u-body frame from the direction of the incoming relative velocity v o ¹ u o of the m v mass. In that u-body frame the circumferences of possible velocity outcomes are easily drawn and their image in the laboratory frame can easily be deduced, thus yielding information about the possible directions and magnitudes of asymptotic final velocities v 1 and u 1 for both masses. In this way the orbits can be viewed in the laboratory frame and a study can be made, for instance, for the optimal incidence angle on a planetary fly-by that delivers the maximum allowed velocity boost in a chosen direction. The energy gain is obtained both in the case of idealized point particle collisions and extended object collisions, where the periapsis distance is constrained by a minimum value below which the collision is no longer elastic. The relation of this asymptotic information with the actual trajectory can also be displayed using the fact that the reduced-mass-frame trajectory axis and asymptotic directions are already included in these diagrams, and thus also all the orbital parameters can be deduced or introduced here. The final velocities can be determined from these diagrams by specifying the scattering angle Õ of u 1 ¹ u o relative to the inbound direction v o ¹ u o in the initial frame of one of the bodies (the u-body Ë u o frame in Fig. 1 ). This angle specifies the asymptotic direction of the scattering of the u-body in the Ë u o frame where it was initially at rest, the reference direction being defined by the CM velocity
frame. Denoting by u Õ the direction defined by u 1 ¹ u o , and w Õ its orthogonal direction in the plane of the collision, we deduce from the momentum and kinetic energy conservation laws that 2
together with the orthogonality equations 
and, for given magnitudes v o , u o , this is maximized for headon collisions which provides the greatest magnitude variability for the outbound u 1 . This is the case of planetary flyby by satellites for attractive orbits, and it is immediately apparent that scattering in the direction of the planet's velocity (if possible) has the potential for more dramatic acceleration or deceleration of the satellite. This is however limited by the fact that planets have large radii (eventually including an atmosphere) and the satellite cannot get closer at periapsis than that radius. Thus some values for Õ may be excluded as unpractical.
II. DETERMINATION OF ORBITAL PARAMETERS
The binary elastic collision diagrams such as that shown in as the extra parameter needed to determine the outcome of the collision uniquely, a role that is usually attributed to the 'impact parameter' b (the distance in reduced-mass-frame between the origin and the asymptotic line drawn from the incoming body, with direction this body's asymptotic relative velocity). This impact parameter can only be precisely defined in the reduced-mass frame, which we will assume here to be the instantaneous body-frame Ë v of the mass m v (since we are ultimately interested in exploring all directions for the fly-by about a planet of mass m v > m u , the satellite will be henceforth represented by the u-body of mass m u ).
In the Ë v body-frame (BF) with axes parallel to those of the laboratory frame (LF), the relative motion of the two masses will appear as that of a single reduced mass
which appears to be moving under interaction forces pointing to a fixed total mass M m v · m u at the origin, where the other mass (m v ) is at rest, and this can actually be computed for sufficiently well behaved forces.
Once the (BF) motion r Ñ´t µ is obtained, and assuming that the frame directions are parallel to those of the laboratory frame, we may return to the (LF) description by noting that, in the absence of external forces, the CM motion is uniform and therefore
This is an approximation in the real case of planetary flyby because of the gravitational influence of the sun, but for the duration of the encounter, assumed to start and end at the boundaries of the planetary sphere of influence, the effect of the third body is assumed to be negligible. 16 
A. VIEW FROM THE v-BODY FRAME Ë v (REDUCED MASS SYSTEM)
If the (BF) reference directions were rotated and scaled with respect to the (LF) directions in such a way that r r , with Ç 3 the rotation matrix, then we should write (7) in the form
Viewed from the reduced-mass frame Ë v attached to the vbody of mass m v with reference directions rotated through L by ¹1´ µ, the asymptotic incoming velocity u o of the u-body of mass m u obeys (see Fig. 2 )
which is anti-parallel to the diameter vectors d and D of the reference circumferences. Likewise, the asymptotic outgoing velocity u 1 for the u-body in this frame verifies
On the other hand, in the reduced-mass frame Ë v the mean force acting on the u-body during the collision is proportional to that body's total linear momentum variation p Ñ in said frame and
Since conservation of linear momentum in the laboratory frame implies
(11) is always the sum of collinear terms parallel to u 1 ¹ u o , and in fact
In the reduced-mass frame Ë v , for Newtonian or Coulombian type interactions, the asymptotic motion is known to be conic with one focus at the origin 17 . In particular for strictly positive total initial energy > 0 in the (BF), a gravitational collision must be an hyperbola concave to the focus at the origin, while for repulsive Coulombian forces the hyperbola branch is convex. The direction of p u in the (LF) then also determines the hyperbolic axis e x for the u-body trajectory in Ë v , and its angle Â with the asymptotes ¹ u o and u 1 is also related to the parameter angle Õ (see Figs. 2 and 3). Once the angle between the axis e x ñ p Ñ of the hyperbola and a chosen laboratory frame e x direction is known, the rotation matrix ´ µ such that r r is determined as
assuming that the constant angular momentum is L L z e z .
According to the diagrams in Fig. 2 , for a given incoming direction u o in the Ë v frame, making an angle
with the e x direction in the LF frame, the directions o · Õ of the possible axis e x ñ p Ñ are in the range
The sign of ¹ o Õ is an indication of whether the incoming motion is from above or below the axis
The angle o corresponds to the situation where e x is aligned with u o , i.e. a head-on collision with Õ 0.
In the Ë v frame, the angle Â ¹ from the e x axis to the asymp-
and it determines the boundaries for the actual orbit. For a repulsive interaction, the polar angle Â r Â will change in the interval Â r Â ¹ , ¹Â ¹ ℄ while for an attractive interaction Â a Ô ¹ Â and its domain of variation is Fig. 3 .
B. INITIAL CONDITIONS AND DETERMINATION OF ORBIT PARAMETERS
Knowing the asymptotic angle Â ¹ Ô ¹ Õ of the hyperbolic trajectory r Ñ´t µ ö r u´t µ of the reduced mass Ñ in the v-body frame Ë v determines the eccentricity e of this orbit through the relation
The actual branch of the hyperbola that corresponds to the motion is the one concave towards the focus 1 at the origin Ç if the interaction is attractive, otherwise it is the one concave to the other focus 2 , situated along the axis e x at a distance
from the hyperbolic center. Here s is the focal distance (to the directrix) and a the semi-major axis (i.e. half the distance between axis intercepts with the hyperbola) see Fig. 3 .
Using polar coordinates ßÖ , Â in the Ë v body frame, an hyperbola with axis e x aligned with ¹1´ µ
x and a focus at the origin Ç 1 will be defined for all eccentricities e > 1 and focal distances s > 0 by the parametric equation
where is a constant dependent of initial conditions. Using henceforth G m v m u for a gravitational interaction, or
for a Coulombian interaction, the time equation can also be expressed as a parametric function of Â in the form of Kepler's equation
where the sign choice distinguishes attractive (+) or repulsive (-) orbits. 
III. THE SLINGSHOT MANOEUVRE
In Fig. 2 we have an example of a collision where the lighter body gains kinetic energy as seen from the laboratory frame. This is a near-maximum slingshot collision for u-body with mass m u ÷ 0.3m v for given initial asymptotic conditions. This is assuming unrestricted periapsis conditions, i.e. point particle collision. In real collisions not all Õ angles are accessible in the vicinity of 1 2 Ý o for the outgoing u-body because that would imply a periapsis distance smaller than allowed by the dimensions of the bodies for an elastic collision.
The slingshot manoeuvres are particular cases of the possible outcomes for either an attracting or repelling collision. It is possible to realize them in all collisions with arbitrary mass ratios, even though it only provides significant boosts in cases where a small inertial mass collides with a much larger one moving much faster. The nature of the interaction is irrelevant, as long as it is central and conservative. Evidently we are not considering for the moment variations of the manoeu- vre such as aero-gravity assisted slingshots 18 where at perigee the forces involved are neither conservative nor central. The particular value of Õ that corresponds to the theoretical maximum slingshot case is when Õ equals half the angle Ý o between v o ¹ u o and V cm , which means that u 1 and v 1 would both come out collinear to the CM velocity V cm . This can be shown as follows. From one of the orthogonality conditions in equations (5) written as
one gets after expanding on both sides,
where Ý is the angle from u 1 ¹ u o to V cm . But from the first equation (2)
where 
From (30) we conclude that the range of Õ that provides for a u-body velocity boost or slingshot (corresponding to u
which is defined through the boost condition
This means that m u -boosts will happen for Õ
.In each case, the remainder of the Õ-domain will correspond to a breakage of the u-body and a boost to the v-body velocity. From the definition of Õ bb we conclude that for Ý o 0 all collision results are m u -velocity boosts (for instance when m u < m v these are "head-on" collision with opposing velocities u o < v o and arbitrary impact parameter), while for Ý o Ô all scenarios correspond to a m u -velocity break (when m u < m v this is a collision where m u "catches-up" m v with parallel velocities and arbitrary impact parameter). Not surprisingly, when v o ¹ u o is perpendicular to V cm we have equal Õ domains for getting a boost or a breakage.
The condition (32) above also means that cos´Ýµ > 0, that is, in any slingshot situation we find that the angle Ý from u 1 ¹ u o to V cm must verify Ý < Ô 2 . Since p u m u´ u 1 ¹ u o µ, besides representing the total impulse acting on the ubody during the maneuver, is also the direction of the force acting on it at the periapsis, the slingshot condition can now be phrased as follows: if at the point of closest encounter the force acting on the u-body has a positive component in the direction of the CM velocity, then there will be a boost in the final u-body velocity. Otherwise we will obtain a u-body velocity break. Notice that this formulation is valid for both gravity assisted and coulombian slingshots, i.e. attractive as well as repulsive interactions.
The angle Ý o can be obtained from initial conditions in terms of the v o to u o angle o (see Fig. 5 ), in which case we can express Õ bb by 
The following figures depict three typical situations in gravity assisted manoeuvres. These were derived from the equations deduced so far for the binary collisions and using diagrams such as those in Figure ( 2). A live Java applet that models these collisions with a variety of mass ratios and zooming scales can be found in [ 3 ] . The first two figures correspond to slingshot boosts of the lighter body m u , while the last one corresponds to a breaking manoeuvre of m u . Figure 4 -(a) represents a slingshot boost for bodies with similar velocities. Figure 4 -(b) is a "catch-up" collision where the heavier, faster body boosts the lighter body velocity as it passes by it. Figure 4 -(c) is a breaking collision for similar velocity bodies.
Besides the asymptotic velocities they show the actual trajectories near the periapsis. The color coded points represent same-time position in both orbits. Adjacent point intervals do not correspond to equal time intervals but rather equal angular displacements in the reduced-mass frame orbital representation. The zero index point corresponds to the periapsis. As can be seen from these examples the usual rule-of-thumb for boost or break according to wether the lighter mass passes behind or in front of the heavier one can be very tricky to apply when the mass ratio is not too big. Our proposed formulation above in this section is however rigorous and unambiguous.
A. SLINGSHOT MAXIMA
For ideal point masses the unconstrained extremes are found as usual through Thus the maximum slingshot boost for given incoming initial conditions will happen when u 1 ¹ u o ñ p 2 makes an equal angle Ý Õ with both V cm and v o ¹ u o . According to (29) this is 
From the definition of V cm the following holds also in general
so in conjunction with (40)
and finally the maximum slingshot velocity is
Corresponding to this maximum, the velocity 
On the other hand when Ý Õ · Ô then V cm points in the opposite direction of u 1 ¹ v 1 , so instead
and then
IV. THE CONSTRAINED SLINGSHOT
The preceding calculations are however only valid when the periapsis distance of the hyperbolic orbit can be taken as small as necessary, a situation that does not apply in most physical applications. In fact, usually the intervening bodies have dimensions which prevents an elastic collision to occur if the periapsis distance r p is smaller than a limiting value Ö p < Ö min .
This can be for instance the radius of a planetary mass or star, plus an arbitrary offset to prevent friction from eventual atmospheres or stellar corona. Thus a different maximization must be performed which embodies this constraint when calculating the maximum kinetic energy boost per unit mass k u 1 2´u
o µ that can be achieved for orbits that do not exceed the limit of maximum approach given by a specific Ö min .
We will first do this calculation in the limiting case of V cm ÷ v o which is typical for gravity assist flyby of a small satellite about a planetary mass, i.e. when m u m v . Recall that for an hyperbolic orbit the periapsis distance is the
The semi-major axis a and the focal distance s a e s e 2 ¹ 1 , s
can be used to express the kinetic energy
and Ö p ´e ¹ 1µ a from which follow the identities
where we recall G m v m u . For an attractive orbit cos´Â ¹ µ ¹1/ e really means cos´Õµ 1/ e (since Â ¹ Ô¹Õ) that is
Now, since V cm ÷ v o we obtain the following identities relating initial velocities (see Fig. 5 ): 
Using Eqn. (51) to eliminate Õ from Eqn. (53) we can express the gain in kinetic energy per unit mass of the satellite in terms of the approach angle o and the velocity ratio
Notice that in (54) under the assumed conditions Ñ/ m u ÷ 1 and / Ö p Ñ ÷ G m v / Ö p is the potential energy per unit mass at the periapsis distance of the planet. Now we will derive the general relation for the energy gain per unit mass in situations where the momenta of the bodies are of similar order in magnitude, in which case V cm is no longer collinear with v o . In this case the angular relations presented in Fig. 5 indicate that the convenient decomposition for Ý is 
and also we can get from v o ð V cm that
Now we should write (see Figure 5 )
Substitution of Eqns. (55) to (58) and (51) into formula (30) gives for equal masses
(59) and in the general case
Notice that in these last formulas we have assumed that the periapsis distance is fixed at Ö p . What this distance is depends entirely on the particular nature of the collision type. For a slingshot problem of a small satellite about a planet Ö p might be a small multiple of the planet radius, but for a binary star collision it should probably be greater than the Roche limit to avoid the inelastic effects of the gravitational tides between massive extended bodies.
Formulas (54), (59) and (60) are generalizations to arbitrary masses and orbital conditions of the known energy change expressions for gravitational slingshot such as those found in Broucke's paper 1 .
V. APPLICATION TO GRAVITY-ASSIST MANOEUVRES
In the particular case of spacecraft manoeuvres assisted by the gravitational field of a planetary object we can assume that m v m u in the formulas above, therefore to a high accuracy cos´Õµ we obtain a limitation on the available orbits by specifying that possible collision outcomes must respect the relation
or, in terms of the ratio o
of satellite to planetary speeds
This relation limits the maximum velocity outcome at the slingshot through Eqn. 53, otherwise it could theoretically be
if there were no limitations on the periapsis distance allowed. In terms of relative kinetic energy gain per unit mass we can express this for the theoretical case of an encounter with a massive object with very small radius as
for which we can expect the general boost pattern as in Figure  6 . For solar system planets however the situation is not as favorable, and we get instead the scenarios shown in Figure 7 below. Notice that in both cases the conditions for a breaking manoeuvre are much more limited than those for the boost. For other planets the scenarios are similar to these two cases. These manoeuvres are purely gravitational and do not include the effects of powered boosts at periapsis to modify orbital parameters and thus achieve a different orbit, or aerogravityassisted manoeuvres to alter the bending angle and yield larger boosts. 
VI. CONCLUSIONS
We have shown that the slingshot effect is no stranger than any other elastic collision, just a particular case of the general set of possible outcomes where the timing of arrival at the point of closest approach is more favorable to a boost in the velocity of the lighter mass. In the case of point particles, equation (43) indicates that the optimal policy is a quasi-head-on for attractive interactions, and a head-on collision for repelling interactions. However, for extended bodies there is a minimum distance r min of approach beyond which there is a severe departure from elasticity (e.g. crash and burn), therefore the approach angle Õ for u o ¹ v o must provide for sufficient eccentricity e such that´a ¹ 1µ e > r min for attractive ones, oŕ a · 1µ e > r min for repulsive interactions.
In the gravitational case, the Hohmann transfer orbits 20 may be the more energetically efficient but they are not necessarily the optimum policies for approaching a slingshot configuration. Still in this case there is often the question of whether there could be a solar slingshot manoeuvre. The answer is obviously affirmative. In fact, just like any other elastic binary collision, a slingshot around the Sun is a possibility when viewed from a frame where the Sun itself is moving. Also obvious is nonetheless the fact that, just as in the case of the Jupiter gravity-assist fly-by where there is no gain in the satellite velocity when viewed from the planetary frame, any slingshot manoeuvre involving the sun would appear to return a disappointingly unaltered final speed in the solar reference frame, but this need not be the view from another frame. However it is true that for most velocities u o we are able to throw spacecraft with towards the Sun, as seen from that external frame where the Sun itself is moving with velocity v o ÷ V cm the spacecraft velocity would be
and thus the boost term in (43) would be
So unless u o is already much greater than the speed of the solar system itself, this will in general be a small factor and the resulting speed of the spacecraft is about the same as that of the Sun itself. There is also the question of producing a positive energy orbit for a spacecraft that is already within the sphere of influence of the Sun without which the incoming orbit would not be truly hyperbolic.
Note that angular momentum has no role in these calculations, other than being a globally conserved constant that defines the plane where the collision takes place and defines the relation between the impact parameter and the parameter Õ. So it is surprising to see that many so-called didactic explanations of the effect still mention 'stealing angular momentum' to account for the increase in velocity of a spacecraft in a gravity assisted fly-by. It should also be stressed that, although in the specific case of planetary fly-by the calculation of actual orbits involve a complex N-body problem, there is no aspect of the slingshot effect above that involve more than two-body interactions. In particular no three-body effects are needed to understand the slingshot of spacecraft in the vicinity of plan-etary masses 21 , although the calculations for intermediate trajectories and timings for launch and arrival at the planet vicinity should include this for added accuracy. Tisserand's criteria and three-body graphical methods have been proposed for these high-precision calculations 22 , but the fact remains that the slingshot effect involves basically the mechanics of an elastic binary collision.
Having said this, mention should also be made to the limitations on the presented model for the calculations of an actual planetary fly-by. The provisos made in [ 2 ] concerning the asymptotic nature of the collision process must be pondered with actual data: the times involved in the approach and extraction of a spacecraft from the fly-by should be compared to the duration of the fly-by before they can be considered as asymptotically infinite. For the duration of the fly-by, the external forces must be negligible as compared to the collisional interaction to introduce only minor perturbations in the resulting trajectories, since it takes too long to disregard the fact that both the planet and the spacecraft are orbiting the Sun. Thirdly, the entry in the planet's 'sphere of influence' (which is often considered to be the Hill's sphere) depends on the approach that is made, and that should also be factored in the calculations. Still, as long as these factors can be shown to introduce small perturbations to the simplified binary collision model, this can be used to successfully explain the physics of the effect.
